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Abstract

The quantum cosmological version of a nonsingular Universe presented by Mukhanov and
Brandenberger in the early nineties has been developed and the Hamilton Jacobi equation
has been found under semiclassical (WKB) approximation. It has been pointed out that,
parameterization of classical trajectories with semiclassical time parameter, for such a
classically constrained system, is a nontrivial task and requires Lagrangian formulation
rather than the Hamiltonian formalism.

PACS Codes: 98.80.Qc, 04.50.Kd.

| Introduction

It transpires from Hawking-Penrose energy condition that the singularities of the general theory
of relativity are unavoidable classically. In the absence of a complete and satisfactory theory of
quantum gravity, it is not clear what would be the nature or the fate of singularities in the quan-
tum domain. However, it might be possible in principle to get rid of the singularities classically
by imposing some quantum mechanical bounds on certain quantities. At the singularity, some
of the curvatures, eg., energy momentum and even the Riemann tensors diverge. Further, quan-
tum field theory predicts that, the scattering cross sections become infinity when all radiative cor-
rections are taken into account. Renormalization makes individual terms manageable, but the
entire series diverges. So in order to get rid of the singularities, curvature invariant terms must be

constrained to take some upper limits. If Planck's length [, is assumed to be the fundamental
length, below which no length is measurable, then from dimensional argument, curvature invar-

iants must be bounded as, | R |< l;lz,| R, R |< l];fl , etc. However, curvature invariants are infi-

nite in number and there is no guarantee that imposing constraint on some lower order curvature
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invariant terms, all the higher order terms will be bounded. Hence, 'Limiting Curvature Hypoth-
esis' (LCH) [1] had been invoked. LCH states that a finite number of curvature invariants should
be bounded and one of those, say I,, should have the property that I, = 0 singles out a particular
nonsingular solution as the only one. In the process all the infinite set of curvature invariants are
automatically bounded. If the limiting space is de-Sitter, then for a isotropic Universe, LCH
implies that the initial and the final stages of cosmological evolution for a closed Universe will
give de-Sitter phase, while baby Universes will arise at the centre of the Black-Hole and eventually

gravitational collapse is avoided.

Since Weyl tensor vanishes for an isotropic Universe, so in its simplest form, LCH can be real-
ized by constraining only a couple of lower order curvature invariants, viz., I, = ‘R and
I, =,/4R WR“V — R? . Thus in its simplest form, ie., for homogeneous and isotropic space-time,

Mukhanov and Brandenberger [2] followed by Brandenberger, Mukhanov and Sornborger [3]

had constructed the following action (1), which preserves LCH.

s=— [l a+00R=(02 +V30) 4R, R —R)

- 167G
+V1(61) + Va(9,) ] \/—7861436.

Here, the scalar field ¢, has been introduced to obtain nonsingular solutions, while ¢, bounds
the curvature invariants for these nonsingular solutions. The potentials V;(¢,) and V,(¢,) should
be chosen in a manner such that (i) for ¢, << 1, the leading terms in the action gives back Ein-
stein's theory and (ii) their asymptotic behaviour should be such that LCH may be realized,
which requires V,(¢,) — constant as ¢;,— o, and V,(¢,) — 0 as ¢, » . For a at Robertson-
Walker metric, they ([2] &[3]) had obtained a first order differential equation containing fields
and the potentials and had drawn a phase diagram in ¢,-¢, plane, for some particular choice of
the potentials. The phase diagram indicates nonsingular solutions in all regions and de-Sitter
phase in the asymptotic region. In a nut-shell, the results obtained [4] are the following. Firstly,
all the homogeneous and isotropic cosmological solutions are nonsingular. Next, Two dimen-
sional cosmological and Black-Hole solutions are nonsingular. Such Black-Hole solutions in par-
ticular, exhibit Schwarzchild solution at large radial co-ordinate and never evaporate completely
[5]. Finally, there are evidence that nonsingular solutions may exist for four-dimensional Black-
Holes and homogeneous-anisotropic cosmological models. Further, LCH has also been applied
to dilaton-cosmology [6,7] and as a result, a class of spacially flat bouncing cosmological solu-
tions have emerged. This construction is definitely appealing in itself, however, it also incorpo-
rates some additional features in quantum domain. In the path integral formulation of quantum
gravity, one has to analytically continue the Lorentzian space of indefinite metric to the Eucli-
dean space of positive definite metric in order to ensure convergence of the path integral. Never-

Page 2 of 26

(page number not for citation purposes)



PMC Physics A 2009, 3:5 http://www.physmathcentral.com/1754-0410/3/5

theless, since Euclidean action of the gravitational field is not bounded from below, the path
integral never really converges. The action presented by Mukhanov and Brandenberger [2] and
Brandenberger, Mukhanov and Sornborger [3] is bounded from below, and therefore, the corre-
sponding path integral converges. In addition, since the initial and the final stages of cosmolog-
ical evolution are de-Sitter, so one gets Lorentzian wormholes instead of Euclidean. Finally, as
the authors had claimed that the theory can incorporate matter field and also can be extended to
include anisotropic models, so it appears that the model is of greater interest with a wide spec-
trum of its applicability.

In the theory under consideration, two scalar fields, one of which is non-dynamical, have
been nonminimally coupled to gravity, containing higher order curvature invariant term. Thus,
along with the lapse function N(t), an additional Lagrange multiplier is required in connection
with the non-dynamical Scalar field, leading to classically constrained gravity theory. Study of
Quantum cosmological aspects of such a constrained theory may reveal more important cosmo-
logical implications. eg., in a recent work, such an attempt was made by Gabadadze and Shang
[8] for a different classically constrained theory of gravity, which has been found to admit solu-
tions, absent from general theory of relativity. However, the new solutions have some wonderful
features like,-the spatially flat de-Sitter Universe can be created from nothing, has boundaries,
with vanishing total energy, etc. [9]. So, it appears worth to study the quantum cosmological
aspects of the theory under consideration. Therefore, the constrained Hamiltonian dynamics of
the theory under consideration has been studied along the line of Dirac's algorithm to find a con-
straint free primary Hamiltonian. Despite the fact that the theory under consideration contains
constraints in addition to the Hamiltonian constraint of the standard theory of gravity, no
attempt has been made to find the true degrees of freedom and to find the expression for the

Hamiltonian in the reduced phase space. Rather, it has been quantized in the same tune of

Wheeler-deWitt equation, H |¥ > = 0. However, since the only justification for a quantized
method lies in its success, so the corresponding semiclassical approximation has been treated

here explicitly.

The main motivation of this work is to study the connection of the quantum-cosmological
equations for the theory under investigation with the Hamilton-Jacobi equations of the classical
theory and in the process to point out the difficulty in finding the semiclassical time required to
parameterize classical trajectories. It has been observed that it is nontrivial task to extract semi-
classical time parameter for such a constrained system. It has been shown that the semiclassical
time parameter extracted in the usual manner does not lead to classical constraint equation. Fur-
ther, the semiclassical time parameter may be found through speculation, but it is complex and
requires Wick rotation. It has also been shown that in order to parameterize classical trajectories
by an unique real time parameter, it is required to analyze Lagrangian constrained dynamics
rather than Hamiltonian.
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In the following section we have written down the classical field equations corresponding to
the action under consideration for isotropic and homogeneous Robertson-Walker space time.
The Hamiltonian and the corresponding Wheeler-deWitt equation have been found in section 3,

after analyzing the constraint of the theory. Semiclassical approximation has been made by

expressing the wave function as, ¥ = e%S , and then by expanding S in the powers of M instead
of H. In the process, Hamilton-Jacobi equation has been found in section 4. In section 5, the
usual procedure to extract the semiclassical time parameter has been attempted. However, it fails
to fulfill the basic requirement of reproducing classical (Hamiltonian) constraint equation.
Other naive techniques to find the time parameter have also been explored. Section 6 is devoted
to follow an involved technique to find the unique semiclassical time parameter, which is the
main motivation of the present paper. In section 7, a source term has been incorporated in the
action and the same procedure has been followed. In the process, the functional Schrodinger
equation has been found and the uniqueness of the semiclassical time parameter has been
proved without ambiguity. The outcome of the present work has been summarized in section
(8). Finally, we have added up an appendix in section 9, to remind the readers about the semi-

classical approximation in quantum cosmology.

2 Formalism
The action presented by Mukhanov and Brandenberger [2], corresponding to a homogeneous
and isotropic non-singular Universe, for which Weyl tensor vanishes, is given by,

_ b
167G

| 1+ 80R= (9, + V38 (4R, R* — R?)
+Vi(d) + V5 (¢2)]\/ng4xr

(1)

where, V,(¢,) and V,(¢,) are the potentials corresponding to the pair of apparently non-dynam-
ical scalar fields ¢, and ¢, respectively. LCH may be realized from the above action (1), only for
some appropriate choice of the potentials. Action (1) leads to Einstein's theory at small curvature,
provided, Vi(¢,) ~ ¢, at |@| << 1, where, i = 1, 2. Further, to realize LCH, first requirement is to
bound the curvature and the next is to obtain nonsingular solutions. Curvature is bounded pro-

vided, V,(¢,) ~ ¢, at| ;| 1 and de Sitter solution is obtained in the asymptotic region, provided,

V,(@,) ~ constant, at |@,| 1.

Now, taking Robertson-Walker line element,
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dr2

1-kr

ds? = —N(t)%dt? + a’(t) +r2(d0? + sin?0dg?) |, (2)

2

where N(t) is the lapse function, the Ricci scalar is given by,

and the next higher order curvature invariant term is,

w3 N12[id a® L,k Na
4R, R —R> ==Y 8 N2 D
N 2 a a N a

So the action takes the following form,

8:87TGJ‘|:[1](12¢1 +312¢, - 6)aa’ +J;]_2a2d¢'z 3)

+N(129, +/126, +6)ka— N(V, + V,)a® |de +8,,

where, the surface term is

1 $2 3
S=———| |1-"%5 Nh Kdx, 4
e ( NE )
K=k 8ij = —%% , being the trace of the extrinsic curvature. The surface term is clearly differ-

ent from the one that appears in Einstein-Hilbert action. However, the two are the same, if ¢,
vanishes, which has got a kinetic term in the action, and acts as a dynamical variable. It is impor-
tant to notice that the surface term is not affected by the presence of the scalar field ¢, since it
acts as Lagrange multiplier only. In the above action N and ¢, act as Lagrange multipliers, result-
ing in a pair of constraint equations. Variation with respect to N gives the Hamiltonian constraint
equation, but one can fix the gauge, N = 1, without loss of generality. However, we are not going
to fix the other Lagrange multiplier ¢,, since it has been invoked to bound the curvature invari-
ants for the nonsingular universe guaranteed by the field variable ¢,. So, altogether we get four
equations (not all independent), two of which are constraint equations and those obtained

under the variation with respect to ¢, and the scale factor a are the two field equations, where we

set, N = 1, at the end. The constraint equation appearing under the variation of ¢, is,

Page 5 of 26

(page number not for citation purposes)



PMC Physics A 2009, 3:5 http://www.physmathcentral.com/1754-0410/3/5

) ,
a kW (5)
a? a? 12
while the ¢, variation equation is,
i_a’ _k_Vj (6)

at a? 127

The Hamiltonian constraint equation, obtained by varying the action (3) with respect to N is,

) )
(6-12¢; —3v124,) 5 124,
a ‘ (7)

+(6 +12¢; + \/ﬁqﬁz)% —(V, +V,)=0.
a

Finally, varying the action with respect to the scale factor a, one gets,

.. .2
602, + /3¢, ~1) % +3(29; +30, ~ 1) + V34, +
o a (8)
6(2€51 +\/§¢2)§_(6¢1 +\/§¢2 +3)kz+;(v1 +V,)=0.
a

In the above field equations V{(¢,) and V;(¢,) denote the derivatives of the potentials with
respect to ¢, and ¢, respectively. For spatially flat, k = O case, the above field equations can be
combined to yield a first order differential equation,

3

dy Vi T ] ,
A T U R AP A ©)

The phase diagram for a particular choice of the potentials was plotted by Mukhanov and

Brandenberger [2], showing four different classes of trajectories. In the first, the trajectory starts

from the de-Sitter phase as ¢, — - c and evolves through to de-Sitter as ¢, - «. In the second,
for small initial values of ¢, trajectory starts at ¢, = - reaches a turning point and returns to ¢,

= -o0. In the third, the trajectory shows periodic solutions about Minkowski space-time ¢, = ¢, =
0. Finally, in the fourth class, trajectories starting with small ¢, and (% , along with @, > 0, evolve
towards de-Sitter at ¢, = . In a nutshell, all the phase trajectories are either periodic about

Minkowski space-time or else they asymptotically approach to de Sitter space. Hence all solutions

Page 6 of 26

(page number not for citation purposes)



PMC Physics A 2009, 3:5 http://www.physmathcentral.com/1754-0410/3/5

are nonsingular. It is important to note that if V; vanishes, ¢, turns out to be a constant and as
aresult V), vanishes and the resulting solutions again become singular. However, the condition

V] > 0 is satisfied by all the potentials chosen by Mukhanov and Brandenberger [2].

3 Analyzing the constraint and the Wheeler-deWitt equation

It is important to note that in the process of developing an action that might produce nonsingular

. . . . 2 .
cosmological solutions, the determinant of the Hessian, Wj; = Z% , corresponding to the
o

Lagrangian of the above action (3) vanishes, and so the action becomes singular. Vanishing of
the determinant of Hessian, signals the presence of constraint in the theory which should be ana-
lyzed step by step carefully. Dirac algorithm [10] is the best known technique to handle such con-
strained system and to construct the Hamiltonian. Before we proceed, let us recapitulate a few

important artefact of Dirac's algorithm.

1. Firstly we remember that the existence of an infinite invariance group leads to first class con-
straints, while singular Lagrangians which do not possess a local gauge invariance leads to second
class constraints.

2. The rank of W;; for a system having 2 N phase space variables (that does not contain time
explicitly) is N. For a singular Lagrangian it is R <N. under this circumstances there exists a non-

degenerate R x R matrix W, such that p; = 9% can be solved for ¢, as 4, = f*(q,p,,4") , where,

'

a—>1,..,R p—>R+1,.., N In the process one finds, r = N - R primary constraints, p, = g,(q,

p,), which originate from the definition of momentum.

3. Now if a function F(q, p) be defined on the primary phase space (this will be defined
shortly) I', < T, then the restriction on F to I', is achieved by replacing p, by g,(q, p,,). If F vanishes
identically after this replacement, then it is called weakly vanishing and is denoted by F = 0. If in
addition the gradient of F also vanishes, then it is called strongly vanishing and is denoted by F
= 0.

4. Primary constraints are expressed as ¢,(¢, p) = 0; and the constrained Hamiltonian, defined

on the constrained phase space I',, as,

H, = zpiéh - L

One can write down the primary Hamiltonian defined on the primary phase space I',, as,
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H,=H, +1"¢,,
where, A" are the Lagrange multipliers.

5. Next one has to check if the constraints are preserved in time, i.e.,

‘/J;r = {¢T'Hp} = {¢r'Hc} =/'1,S{¢r,¢s} =0.

If the Poisson bracket of a constraint vanishes with all other at least weakly, then it turns out
to be first class constraint. In that case, {¢, H.} ~ 0, and all these first class constraints are
exhausted. The constraints ¢, which do not vanish modulo the constraint, leads to secondary con-

straints ;.

6. One needs to check the consistency condition of the secondary constraints again, i.e., if the
constraints are preserved in time. Again for the secondary constraints, if the poisson brackets of
some (say /), vanish with all other, then they are first class and for them {y, H.} ~ 0. Otherwise
they are second class in nature and the Lagrange multipliers are determined in the process. There
are as many undetermined Lagrange multipliers as there are first class primary constraints. If all
the constraints are second class then the primary Hamiltonian together with the primary and sec-
ondary constraints constitute the field equations, which may be solved in principle, leaving no
arbitrariness in the solutions.

7. Finally, one can try to find the true degrees of freedom and express the Hamiltonian in the
reduced phase space I'. However, it is a very difficult tusk, if not impossible in most of the situ-
ations. Even without finding the reduced Hamiltonian it is possible to quantize the theory. There
is no unique prescription in this regard. Any quantum theory may be considered to be the correct
one if it can go over to the classical counterpart through a suitable correspondence principle.

With this background knowledge, let us proceed to construct the Hamiltonian of the theory.

We understand that in order to construct the primary Hamiltonian, one has to introduce all the

constraints of the theory in the Hamiltonian through Lagrange multiplier. Choosing /= = M, M

being the square of the Planck mass, one finds in view of the action (3) under the gauge choice

N=1,
0= 1 Pgy ) = 1| pa 241 +/3¢2-1 Py
M 1242 M| /1242 a3 2

while ¢, is not invertible due to the constraint,
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C, =p¢, =0. (10)

Since, Bap% # 0, so the above constraint vanishes weakly. Hence the primary Hamiltonian
1

may be expressed as,

le =H, +apy, =2piqi —L+ocp¢1
_1( PaPg¢oy 3 2¢1+\/ﬁ¢2—1 p2 J

M| 1242 a3 "
~M[(12¢, +~12¢, + G)ka — (V, +V,)a’ |+ apy =0,

where, o is the Lagrange multiplier. Since, {C,, H.} does not vanish even weakly, so C, is a second

class primary constraint. As there are no first class primary constraint, so there will be no unde-
termined Lagrange multiplier of the theory. Now the constraint must be preserved in time, i.e.,

2
. p P :
¢, ={Cy,H, } =Dy =92 4 M12ka - V{a®) = 0. (11)
1 M 6l3
This is a new second class constraint as long as V; exits, since {C,, C,} = {C,, D,} = MV/a°>.
As already pointed out that for the existence of nonsingular solutions V; must not vanish, here
we again observe that V' must not vanish to remove arbitrariness from the primary Hamilto-

nian. However no such restriction is required for V,. Again the condition that the constraint

should be preserved in time leads to,
Dl ={])1,I—Ip1}:—2V£p¢2 —Maa3vl"z 0, (12)

modulo the constraint (10). This is not a new constraint, rather it fixes the Lagrange multiplier

2V5p
a = $2

=2 provided V;" exists. Thus both the primary and the secondary constraints are second
Ma>Vv{

class. Hence the primary Hamiltonian, being free from arbitrariness can now be expressed as,

_ 1| PaPpy  241+\3¢2-1 ,  2VH

p 0~ 3, PaPy
bOM| /1242 243 oSy (13)

—M[(12¢1 +V12¢, + 6)ka — (V, + V,)a’ ] = 0.
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One can now easily check that we have obtained the correct Hamiltonian in the usual manner.

The only exception appears to be with (]51 = 0H _ —&p% , which looks like a new equation.

Py Ma3v{
However, this is the one, we were in search of, since ¢, can now be inverted through this equa-

tion. In any case, it is not an independent equation, since taking time derivative of the first (con-
straint) equation (4) and using the second one (5), one can arrive at it. Thus the Hamiltonian,
(12) being free from constraints and being able to produce all the field equations, is the correct
one. To make a comparison, let us take Einstein-Hilbert action minimally coupled to a scalar
field,

_ Lo a1 (1 3
A—12MJ|: S ai +k2+12M(2¢ V(¢))a :|dt,

and write down the corresponding Hamiltonian,

1 pa pq% 3 (14)
——ra 4 P _6Mka+a’V(¢)=0.
24M a 2(13

It is interesting to note that the classical field equations (4) through (7) reduce to the vacuum
Einstein's equations at any stage of cosmic evolution as ¢, = ¢, = 0. However, the primary Ham-

iltonian (12) once constructed in view of the constrained system under investigation, is different
from (13) and does not ever reduce to the vacuum Einstein's equation. This fact has been mani-
fested in the linear appearance of p, in H,;. The fact that here p, appears linearly in the Hamilto-

nian, clearly differentiates all actions (corresponding to minimal and standard non-minimal
coupling) with the present one.

Our next attempt will be to canonically quantize the theory under consideration. There is no
standard prescription to quantize a classically constrained system and the only justification of a
particular method of quantization lies in its success. The meaning of the last sentence is that one

should be able to find a correspondence principle to go over to the classical theory under semi-

classical limit. We shall write down the counterpart of the Wheeler-deWitt equation H ¥ >=0,
for the modified theory of gravity under consideration and show in the following sections how
to find the notion of semiclassical time so that classical field equations may be reproduced. Now,
in constructing the Wheeler-deWitt equation corresponding to the Hamiltonian (12), operator
ordering ambiguities should be taken care off. Some of the operator ordering ambiguities may
be removed by expressing, p, — g (a)p,q(a) where, g(a) is an arbitrary function of a. Hence the
first term of the Wheeler-deWitt equation corresponding to the Hamiltonian (12), after replacing

p by -iHa, turns out to be
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daddy ¢ da Ay

_L 7w 19g 9%
J1242

Clearly, first order derivative of the wavefunction W with respect to a, (ie., %—Z‘) does not

appear, while the same with respect to the scalar field (ie., a%) appears. Further, operator order-

ingin f)¢l and f)¢2 appearing due to the presence of the second and the third terms in (12), again

introduces first derivative terms (ie., T and al{' ) in the Wheeler-deWitt equation, correspond-

ing to the scalars ¢. However, from the regularity argument [11], it follows that 2 W can be

neglected at sufficiently small values of g, ie, at sufficiently early epoch. Hence, the Wheeler-
deWitt equation may be kept free from the first derivative terms even after removing some of the
operator ordering ambiguities (unlike the situation encountered in standard and other non-

standard theories of gravity), and is expressed as,

n 1 9% 2¢,+3¢,-1 9° 2V, 9?
M | J12a? dad¢g, 2a° a¢22 a3V1"a¢1a¢2

M{(lZ(/)l + 126, + 6)ka = (Vy + V)’ ” W >=0

(15)

which is independent of the operator ordering parameter ¢(a). Not all quantum states |¥ > of the
Wheeler -deWitt equation (14) are allowed, since they are constrained by the quantum analogue
of the classical constraints (10) and (11). However, since our aim is not to find the solution of
(14), so we neither, are in search of true degrees of freedom nor incorporate the quantum ana-
logue of the classical constraints. Rather, for the sake of comparison, we write down the Wheeler-
deWitt equation corresponding to Einstein's gravity with a minimally coupled scalar field (see
Appendix),

2
7(7 ﬂi—@a—)—wka +a'v(e) || ¥ >=0,

24M 5,2 aoda 42 a¢
. D . 2
where, g takes care of some of the operator ordering ambiguities. We observe that, neither 83—2
a
nor % term appears in the Wheeler-deWitt equation (14), which may have some deep signifi-

cance, not presently known.
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4 Semiclasical approximation
Reparametrization invariance of the theory of gravity leads to the Hamiltonian constraint yield-
ing Wheeler-deWitt equation. Despite the fact that the theory under consideration has additional

constraints, we have not made any attempt to find the true degrees of freedom to construct the

Hamiltonian in the reduced phase space I';. Rather, the corresponding quantum equation (14)

has been constructed in the same tune of the standard Wheeler-deWitt equation H |¥ > = 0. Now
the obvious question is, "does equation (14) alone represents the quantum version of the classi-
cal field equations (4) through (7)"? Other way round one may ask, "is it possible to set up a
correspondence between the Wheeler-deWitt equation (14) and the classical equations (4)
through (7)"?. Since, the constraint free Hamiltonian represents the correct one to reproduce all
the classical field equations, so the answer to the question raised above is positive, if under a suit-
able semiclassical prescription, one can find a semiclassical notion of time to recover the Hamil-
ton constraint equation (6) from the Wheeler-deWitt equation (14). It is a nontrivial task which

we shall take up in this and in the following sections.
: 1Sy $,)
At energy below Planck scale, the wave function can be expressed as, ¥(a,¢,,¢,) =e .

Expanding, S in the powers of M as, S = MS,+ S, + M''S, + U, and inserting it in the Wheeler-

deWitt equation (14), one obtains

1| ihaz(MSO+Sl+M_182+-«-)

M| 1242 dadg)

9(MSp+S1+M LSy +-) A(MSg+S1+M LS+
da L)

L 20 +/3¢7-1 # 92(MSp+S1+M LS5+
2a3 a¢§

2
d(MSp+S1 +M_187_ +--)

)

3 dad¢do

L 2Vh | 3P (MSo+S1+M 1Sy +)
a>vy

9(MSp+S1+M sy +-) A(MSg+S1+M LS4
d¢1 RL)

—M[(12¢1 +V12¢, +6) = (V, +V,)a® ] = 0.
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Let us now collect expression having same powers in M. For Einstein-Hilbert action with min-

imally coupled fields one gets to the power of M? an expression that states that the Hamilton-
Jacobi function S, depends on three space only (see Appendix). Here the situation is quite differ-

ent in the sense that we do not get expressions corresponding to the order M?. To the order M",
we have,

1 9dSg 98 3 2¢1+\/§(/)2—1 aSo ’ B 2V5 9dSg 9So
J124% 9a 992 24> 992 | g3y 91 9¢2 (16)

—(12¢, +12¢, + 6)ka + (V, +V,)a> = 0.

This is the Hamilton-Jacobi equation. It can be identified with the Hamiltonian constraint
equation (6) only under an appropriate choice of semiclassical time parameter. Following two
sections are devoted to find the semiclassical time parameter.

5 Semiclassical time parameter - standard technique

Since in view of the Hamiltonian (12) all the velocities are now invertible and so following stand-
ard technique as in Einstein's gravity with minimally coupled scalar field (see Appendix, 9.2), the
time parameter can be found as,

J9_ 1 dSp d 2MV3 dSg 9

o J1242 0¢2 0  yiy3 042 0

J o1 98 z¢1+ﬁ¢2—1)as()\ d
J1242 9a a3 002 Josy

The problem is that, this choice of time parameter does not lead to classical constraint equa-
tion (6). This is because, ?SW? appearing in the Hamilton-Jacobi equation (16) is not obtainable
from it and as a result, remains arbitrary. This is the source of trouble that we encounter in the
present situation, to parameterize classical trajectories with semiclassical time parameter follow-

ing usual procedure. Thus, the standard procedure does not work in the classically constrained

system under consideration.

One can try to find the same by expressing the time parameter as

9 _ baSO+CaSO+daSO i+

ot da a1 ¢y |oa

jaSO_i_laSO_’_maSO\a N uaSO_H)aSO_’_naSO\ ) ’
da ~ dpy 9y |ody da dg1 ¢y Jodo
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where, b, ¢, d, j, I, m, u, v and n are arbitrary functions of a, ¢, and ¢,. It is now possible to find

a,¢; and ¢, , using this expression as,

aSp aSp aSp
=b d ,
T T 9 T g,
. .dSg ,9Sp aSo
= 1 ,
O PR T P
é) :uaSO +v850 +naSO

Substituting all these expressions in equation (6) and equating the coefficients of aS, etc.,

between the equation thus formed and the Hamilton-Jacobi equation (16), one can finally arrive
at the following time parameter,

n ot
{ J12a 39S, 4V} 39S, _3S, } )
6(2¢1+\/§¢2—1) da (2¢1+\/§¢2—1)V{'8¢1 09,

3, 212V} 35, f(1+12n2a4)aso 5

oa avl 9¢, (2¢,+v3¢,—1)a 9¢, (99,

With this technique of parametrization, classical constraint equation (6) is automatically
reproduced, but the problem associated with this time parameter is that, there still exists an arbi-
trariness in the form of the arbitrary parameter n = n(a, ¢,, ¢,). Thus, the time parameter is not

unique, and something else should be tried.

It is interesting to note that simply by inspection one can choose a time parameter free from
such arbitrariness as,

J ; 1 9dSgp 0 1 dSg 9 N 2V5 9dSg 9

at \/_a?- el0) da \/ﬁaz da dpo a3vi’ da d¢y

This time parameter reproduces equation (6), in view of Hamilton-Jacobi equation (16).
However, this is purely intuitive on one hand and is imaginary on the other. So we must find an

involved technique for this purpose.

6 Semiclassical time parameter - an involved technique
As already mentioned, equation (4) is an additional gravitational constraint equation of the the-
ory under consideration, since it does not contain second order derivatives. The standard tech-
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nique should be to differentiate equation (4) and then to compare it with equation (6). In the
process, if the emerging equation is again a constraint equation, then it should be entered into
the Lagrangian via Lagrange multiplier. The emerging constraint equation in this case is,

b+ 2412724 . (17)
Via

Hence, introducing this constraint equation (17) in action (3) via a Lagrange multiplier 4, we
obtain,

S= MJ[(lqul +312¢, — 6)aa’ +~/12a%ad, — (V, +V,)a’

(18)
+(12¢; + /126, + 6)ka — A(¢; + zJ_ ]dt
The canonical momenta are found from the action (18) as,
— M| 20126, + 3126, - 6)ai +12a%4, Va |,
Vi (19)

p¢1 = —MA,, p¢2 =/ 12Mﬂza

We don't write down the field equations since we are not going for classical solutions. How-
ever, it is important to note that since variation with respect to A gives back the constraint equa-
tion (17) and in view of (19) the classical constraint equation (6) remains unchanged, so, the
primary Hamiltonian (12), the Wheeler-deWitt equation (14) and the Hamilton-Jacobi equation
(16) are systematically reproduced. Further, identifying canonical momenta with corresponding
derivatives of the Hamilton-Jacobi function, equation (12) can be found again from Hamilton-
Jacobi equation (16). Now in order to obtain equation (6) from (16), let us use equations (17)
and (19), which gives,

. Poy 1 aSp 1 dSp, 9 20
a= 2° 2 (5, )i 2 (20)
M-12a J1242 992 at a \/—a 09> da’
q$1=—2v3 %,. d| _ 2V; 39Sy, 0
613V1” M at ¢1 3V” a¢2 a¢1 (21)
b= L Pa_20+362-1P9, 2V12V; P4,
> J124° M a’ M avy M
Al (1 3S, 24,+V3¢,-10S, 2412V} 3S, ) 9 (22)
|, | V124> 0a o> 99, aVy 3¢ )og,

http://www.physmathcentral.com/1754-0410/3/5
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Equations (20), (21) and (22) are now combined to yield the correct and unique semiclassical
time parameter,

9_ 1 (as(, 2 2v; (aso P

ot J12a% 0¢,"da %4 dg, " ¢,

L[ 1 9Sq _24,+3¢,-195, _ 2412V} 3, ) 9
J12a> da > 9 av) 94 Joag,’

(23)

aSg  9Sp

One can now easily obtain —*, L

and g% from above time parameter (23) and substitut-

ing these in equation (16), one can reproduce equation (6). To check whether we have found the
correct and unique semiclassical time parameter let us continue by including a source term (in

the form of a dynamical scalar field) in the model.

7 Including a source term
In this section we consider an additional source term in the action (1), in the form of a minimally
coupled scalar field with Lagrangian density,

1 1
Ly==—51,0.0,8" +U()]

27r2

where, o is the scalar field and U( o) is an arbitrary potential. The action (1) now reads (taking

M = g, as before),

.2 .
S=MJ (12¢1+3\/E¢2—6)“[‘i]+\/[?a2a¢2+
N[ (12, +129, +6)ka— (V, +V,)a® |+ (24)
3( .2
+4 1 2 _Nu(o) ||dt.
M| N

Corresponding field equations are (under variation of the above action with respect to ¢;, ¢,,

o, N and a and setting N = 1),

.2 7
E V
@ kv (25)
a a 12
i_a’® k__ v (26)
a? a’ V12
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+3%6 +U(c)=0, (27)
a

.2 .
M[ (124, + 34124, —6);%+\/ﬁ¢'zg_

. (28)

02¢1+Vﬁ§¢2+6)k;+(Vi+\Q)]+c22+LKc):O,

a

i it
6(2¢, + /3¢, — 1)5 +3(2¢, ++/3¢, — 1)7 +/3¢, +

a
+6(24, + ﬁ%)j — (64, +~/3¢, + 3)% + (29)
a
.2

J%(vl +V2)+ﬁ(%—U)=O,

where, V{(¢,), V;(¢,) and {U'( o) are the derivatives of the potentials with respect to ¢, ¢, and

o respectively. As before we differentiate equation (25) with respect to time and compare it with

equation (26) to get the constraint equation

b +2412 Y24 _ . (30)
Via

Next we incorporate this equation (30) into the Lagrangian through the same Lagrange mul-
tiplier 4, as before. In view of the Lagrangian so formed, we obtain the same set of canonical
momenta (19) along with an additional one, corresponding to the field o, viz.,

Po =a’s. (31)

Variation of the Lagrangian with respect to the Lagrange multiplier A returns equation (30).
So, in view of equations (19), (30) and (31), one can express all the velocities in terms of
momenta, and thus the primary Hamiltonian free from arbitrariness of Lagrange multiplier is
found as,

’ 2
_ Pabg, 2V} p _ 26, +/3¢, _1p .+ Po
PUaMa® mg3vr M aMa® T 248 (32)

—M[(12¢1 +V12¢, + 6)ka — (V, — V,)a’ ] +a’U(c) =0.

Corresponding Wheeler-deWitt equation H p ¥ >=0is,
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) 1 9 +2¢1+\E¢2—1 0% 2v, 92
M | J12a? 9ad¢, 243 a¢22 a3V;a¢1a¢2
_M{(12¢1 +12¢, + 6)ka — (V, + Vz)a3} (33)
/R
—2—38(;—2+a3U(a) |w)=0

As before, we proceed to make semiclassical approximation by expressing W[a, ¢,, ¢,, o] as
Y = exp[%S(a, &, 05,0 )] expanding S in power series of M as, S = MS; +S; +[\/1'1S2 + U etc., and
then substituting all these in equation (33). Finally, equating terms having different orders of M

to zero, we find for M? order

a0

o =0 ie., Sy =Sy(a ¢1,9,). (34)

M" order term leads to Hamilton-Jacobi equation for the source free nonsingular gravitational
field as,

1 3Sy 0Sy  (2¢,+3¢,-1) (asO)2 2V} 98, 9S,
J12a* da 9¢, 2a° 99, a3V1” d¢; d¢, (35)

—(12¢, +12¢, + 6)ka + (V, + V,)a> = 0.

One can easily identify this equation with the Hamilton-Jacobi equation (16). It leads to the
classical source free gravitational constraint equation (6) under the same choice of the time
parameter (23). Hence, source free Hamiltonian (12) can be found from it by identifying the
canonical momenta with corresponding derivatives of S, as before. The next, ie., M order term

gives the following equation,

1 ; 8280 _9dSp 9S1 981 9Sp
J12a2 0adgy  da ddp  da d¢y

2V) i 8280 _0dSp 951 981 9Sp
aSvi| 041942 O¢1 9gy 91 94

(36)
L 201 +3¢5-1 ihazso _, 30 381
243 9p2 942 942
2
R PR _(331)2 +a’U(c) =0.
243 3o 2 do
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Now in order to identify this equation (36) with the functional Schrédinger equation for the
matter field o, let us define a function,

£(@41,92,0) = D@,y 8:)exp(; 1), (37)

In view of (37), equation (36) reduces to

i 1 dS,0 2V, dS, 9 N
V124 d¢, da a3V d¢, 9,

J12a? oda a3V1" 0, a’ 99, Ja¢z

= [_hz 822 + aSU(o):lf,

243 9o

provided, the function D(a, ¢;) satisfies the following equation,

1 9%, L2 028, 2¢1+f¢2—1a So

1227 %09, | By agdd,  2d° 292
( ) aSO 95_ 2V} (aSO 0 aSO 9 (39)
\/_ 2 aa 99, a¢2 da 3V d¢; Ih, a¢z ¢,
_2¢,+/3¢,-1 98, N
3 (8¢2)8¢2 }D(afd)l) 0.

Since the right hand side of equation (38) is the quantum Hamiltonian operator for the scalar
field ooperating on function f, in the background of curved space time, so it is clear that equation
(38) is the functional Schrodinger equation for the field o, propagating in the background of
curved space time, under the same choice of the time parameter (23). Further, under the same
choice of time parameter (23), equation (39) reduces to,

19D _
D ot
40
1 3%sg  2v5 3%Sg [ 241+/342-1 )92Sg (40)
J12a2 9a9¢y  43yy 919¢2 213 ) 92
Hence, upto this order of approximation, we have,
1 i
Y= —MS,)f, 41
D eXP(h 0)f (41)
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where, S, is obtainable from equation (35), f from (38) and D from (39) or (40). So at the end
we observe that under the same choice of time parameter (23), one can parameterize the classical
trajectories by reproducing classical source free gravitational equation (6) from the source free

Hamilton-Jacobi equation (35) at one hand, while the M° order term (36) can be identified with
the functional Schrédinger equation (38) for the field o propagating in the background of curved
space time, on the other. This time parametrization is unique since equation (38) reduces to the
functional Schrodinger equation only under the choice of the real time parameter (23) leaving
no arbitrariness. This choice is correct since it fulfills both the requirements of obtaining func-
tional Schrodinger equation and parametrization of the classical trajectories.

8 Concluding remarks

In a series of works, Brandenberger, Mukhanov, Sornborger and others [2-4] and [6] constructed
a nonsingular gravitational action by invoking limiting curvature hypothesis (LCH) and studied
its classical aspects. The action contains a couple of scalar fields, one of which (¢,) is required to
guarantee nonsingular solutions, while the other (¢,) binds the curvature invariants. The corre-
sponding potentials are chosen in such a manner that for |¢;| << 1, Einstein's theory is recovered
at one hand and their asymptotic behaviour should be such that LCH may be realized on the
other. In the present work, we have studied the quantum cosmological aspect of the theory and
made a connection of the quantum cosmological equation with the Hamilton-Jacobi equation
of the classical theory. The answer to the question that, why it is at all necessary to quantize a
nonsingular Universe model, lies in fact that some new results have been unveiled in the process
and a non-trivial technique of parameterizing the classical trajectories has been found. Summar-
ily, the results are,

1.) Introduction of the scalar field ¢, in the action (1), only introduces yet another constraint

equation (other than the Hamiltonian constraint). Thus it is essentially a classically constrained
theory of gravity and so one has to deal with such constraints critically, which we have done using
Dirac's algorithm.

2.) In the absence of the scalar fields, the classical field equations reduce to those correspond-
ing to standard theory of gravity. However, the Hamiltonian obtained after analyzing the con-

straint, does not give Einstein's theory back. Likewise, the Wheeler-deWitt equation is free from
first derivative terms aa—‘g , and thus is quite different from those obtained in view of standard and

other nonstandard (nonminimally coupled) theories of gravity.

3.) The wave function is real for k = + 1, unlike the situation encountered in standard gravity
theory (see appendix), where, k = +1 leads to a complex wave function.
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4.) The semiclassical time parameter required to parameterize classical trajectories can be
found in a unique way only by using the technique of Lagrange undetermined multiplier in the
Lagrangian constrained dynamics, rather than using Hamiltonian formalism.

9 Appendix

Paramerizing Einstein's gravity with a minimally coupled scalar field with semiclassical time

In the appendix we shall recapitulate the standard technique [12-14], to parameterize classical
trajectories of the Hamilton-Jacobi equation, with some appropriate choice of semiclassical time
parameter, corresponding to Einstein's gravity with a minimally coupled scalar field, and to find

the functional Schrodinger equation. The action for Einstein's gravity with a source term - a min-

imally coupled scalar field ¢, (with M = 3%, which is different from M = ., used in the text) s,

_ 1 ., a 1.1;, 3
A—MI[—zaa SR vICT AR O) ]dt,

0
apart from a surface term. The (O ] component of Einstein's equation is

-2
M| a k 1,
——| —=+— |+=9¢"+V(¢)=0, 42
2| 2t g [Fo 8V (42)

which corresponds to the Hamilton constraint equation,

2
2 p
_Lpia+7¢_Mka+a3V(¢)=o‘ (43)
2M a 2613 2

Thus, the corresponding Wheeler-deWitt equation is

9" L pI _MIT —%ka2+a4V(¢) W) =0, (44)

where, p takes care of some of the operator ordering ambiguities.

9.1 Expansion with power series of Planck's constant H
In the standard WKB approximation, the wave functional Y is expressed as

Y(a,¢)= exp[% S(a,¢)] and the functional S(a, ¢) is expanded in the power series of the Planck's

constant H as, S = Sy + HS, + H’S, + U etc. Substituting all these in the Wheeler-deWitt equation

(44), and collecting terms independent of H, one obtains,
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2 2
L 9S0 ) L [9S0 ) J Mo ey -0, (45)
2M aa 2612 8(;5 2

This is Einstein-Hamilton-Jacobi (EHJ) equation, which is essentially equation (43), if one
identifies p, with a%o and pe with %? . In order to parameterize classical trajectories, WKB time

parameter is chosen in the following manner,

aSo . da 1 dSp
- = =M ’ 2
da Pa aa, o Jof  Ma da
(46)
o 9| __ 198 9
" dt|a Ma da da’
and
9S0_, . _.3; 99 _ 1 9Sg
a¢ _p¢_a ¢r or, at_a3 8¢ ’
(47)
o 9| _ 195 a0
T otlg 43 99 99

The classical trajectories are parameterized by a time, which is a linear combination of (46)
and (47). Thus,

9 __ 1503, 1500 us)
ot Ma da da ;3 0¢ 9¢

Under this choice of time parameter (48), equation (45) produces Einstein's equation (42).
This has been shown by Kiefer [12], taking, a = exp « and using the unit M = 1. It is important to
note that the choice of the semiclassical time parameter does not involve operator ordering ambi-

guity. Equation (45) can in principle be solved for S, and to this order of approximation one
obtains ¥ = exp( %SO ) . Higher order terms of H produce fluctuations around the classical tra-

jectory Sy and hence introduce corrections to the wave-functional V.

9.2 Expansion with power series of Planck's mass M

In the present work, we have expanded S(a, ¢) in the power series of Planck's mass, instead. The

advantage is that, one can obtain a functional Schrédinger equation directly from it. Substituting,

S=MS,+S,+M'S,+ U etc., in the Wheeler-deWitt equation (44) and collecting terms in differ-
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ent orders in M, we obtain for M order, BFT’? = 0. It implies that S, is purely a functional of grav-

itational field. M'order term gives the source free Einstein-Hamilton-Jacobi (EHJ) equation,

2 2
“(330) + Lt o, (49)
2\ oda 2

Now, in the absence of the matter field, equations (42) and (43) reduce to
) a2 2 M, 4 50
a-+k=0, and, —p;+—ka" =0, (50)
2M 2

respectively. Hence the EHJ equation (49) is essentially the vacuum Einstein equation (50),

under the identification p, = MafTO . To parameterize classical trajectories, we identify,
a

dSo .. d 10Sg o
MY =p =—-Maa, , —=———4 = 51
da Pa e o a da da B1)
Further in view of equation (49), we have,
90 _4ika, e, L =ik (52)
da ot da

Under the choice of the time parameter (52), equation (49) reduces to the vacuum Einstein's
equation (50). Hence, expansion of S in the power series of M decouples gravity from the source
and leaves it to behave classically. Equation (49) can be solved for S,, and up to this order of

approximation,
M 2
‘I”(a) =exp iﬂ\/ ka . (53)

Thus the wave-functional is well behaved at the classical singularity a — 0. The next order of
approximation yields the following equation,

in[ 9780, paso _ 1 %5y |_asg 35
2| a2 ada 42 542 da da

1 (98 ’ _
+2az(a¢j +a'V($)=0

(54)
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where, p takes care of some of the factor ordering ambiguities. Now choosing a function,

_ iS1 . . dS1 981 3251 .. .
f(a,¢) = D(a)exp[+] and substituting SRR and 2 from it in the above equation (54),

one obtains,

. 2 2
_m(aaso)af(a,qs) _ _%%HﬁV((p) f(a,9), (55)
a 8¢

a da 2a

provided, D(a) satisfies the following equation,

3Sp dD(a) 1[ 82Sy  p aSy
-= = D(a) = 0. 56
da da 2| 942 " a oa (a) (56)

Equation (55) can be identified with Tomonaga-Schwinger equation, which is essentially the
functional Schrodinger equation for the mater field propagating in the background of curved

space-time, if the semi-classical time operator is identified with (51). The right hand side of equa-
tion (55) represents quantum Hamilton operator H n for the matter field operating on the func-

tion f(a, ¢). Thus equation (55) reduces to

Y= Bf(a.d) = 1, f(a.9). (57)

Equation (56) can be solved for D(a) as,

p

b 58
D(a) =m.[Sya?. (58)
Substituting Sj = +iv/ka, in equation (56), one obtains,
1+p
[2 ] (59)
D(a) =ma ,

m being the constant of integration. Finally, to this order of approximation, the wave-functional
takes the form,

p+1

2 (60)

¥ =exp[;l(MSO +51)] =“(m2Jexp[i§;ﬂa2 ]f(a,qs).
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Equation (55) can in principle be solved for f(a, ¢) and thus explicit form of the wave-func-

tional can be obtained. Now to make semiclassical approximation to the functional Schrodinger

equation (55), let us express f(a,¢) = exp[% A(a,¢)], expand A in the power series of H as, A(a,

@) =Ay+HA + H’A,+ U, substitute it in equation (55) and collect terms independent of H, to get,

2

10dSg dAg 1 ( dAQ 3

-= = V(). (61)
a da da 2a3[ d¢ ] ravie)

Since we have already identified _%%0&% with the semiclassical time parameter % , in equa-

tion (52), so the above equation takes the form,

2
aAO _ 1 aAO _ 3 _ 62
o 2a3( Y ] a”V($) = 0. (62)

: . g . : , . o
Further, if one identifies T with p,, it transpires that equation (62) is the Hamiltonian for

the matter field in the background of curved space time, corresponding to the classical action,
J.d4x1/—ng = 277:2”:%(]52 - V(¢)]a3dt in the isotropic and homogeneous space-time under

. . . [ 0A
consideration. Now, since p; = a’p= aTJO' SO

9 1 9Ag 9

ot 43 99 a9’

and the suppressed part of the WKB time parameter appearing in equation (48) reappears. This
when combined with equation (51), one finally obtains the semiclassical time parameter as,

9 _ 13509, 10400 )
ot a da da 43 0 I¢
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